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The problem of the mean square stability of a linear system which is under the
action of a Markov chain is reduced to the investigation of the stability of the
system for the second moments from the solutions of the original system, The sys-
tem for the second moments possesses the property that its solutions, correspon-
ding in a specific sense to positive initial data, are positive, This property per-
mits us to apply to the investigation of the stability problem the very well dev-
eloped theory of positive operators in a linear space with a cone,

1, Equations for second moments, We consider a system of » linear diff-
erential equations dz/di = A (u) z (1.1)

which is under the action of a homogeneous Markov chain {u (¢), 0 < t < =~} with a fin-
ite number of states [1, 2], The behavior of the Markov chain is described by the tran-
sition probabilities p;j () = P (¢, u;, {u;}); here the matrix P (1) = {p;; ()} satisfies
the equality P (1) = ¢?¢, where ¢ is an infinitesimal matrix with elements

lim t=1py; (1), Je=i
t—p
T { lim =1 (pyy (1) — 1), j = i
1—0
We introduce the numbers ¢; = —g¢;; ({ = 1, ..., V) and the matrices A; = A () (k==

t, ..., N). The Markov process generated by system (1, 1) is denoted, as in [2], by {z (8),
u (f), U< t< ). The solution of system (1,1), corresponding to the initial data
z () = 2%, w (0) = uy, is written in the form z (t; «°, uy). By the norm of a vector z we

mean its Euclidean norm Jaf=1) a2 +... -1}’

Definition (see [1]), The trivial solution of system (1, 1) is said to be asymptoti-
cally mean square stable if for any number ¢ > ) we can find a number § >0 such
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that any solution of system (1.1) with initial conditions satisfying the inequality | 2°| <
8 satisfies the inequality

M(|x (2% uelf) <e
for all ¢ > 0 and all u; and, furthermore, the mean M (| z (¢; z°, uy) [ ?) tends to zero
as t — oo.

In {3] it was shown that the investigation of the mean square stability of a system of
stochastic differential equations can be reduced to an examination of the stability of a
certain deterministic system of linear differential equations with constant coefficients,
For a scalar Eq, (1.1) a system of linear differential equations with constant coefficients
was described in [2], which is satisfied by the second moments and the asymptotic stab-
ility of whose trivial solution is equivalent to the mean square stability of the trivial
solution of Eq, (1.1), A similar system can be obtained also in the r-dimensional
case, Below we use the notation adopted in [2],

Let ¢ (H, {uj})) be the initial distribution of the Markov process{z (¢), u (), 0 < t << oo}
We introduce the functions

’nijk ()= (fijk (z, ug), Uy (H, {us})) = (thijk (x, ug), © (H, {ug}))
(k=1,...,N; i=1,...n; j=1,...,n) (1.2)
TR
The functions m;;* (¢) are the means of the functions f;' at the instant ¢ under the
stated initial probability distribution of the Markov process, According to Theorem 4 of
[2] we have

dm..T(t n n
—m—;[# = Dan @) i @us) + D) i @) fur” (@0 —
hy =1
e gefif (@ ug) A+ D) daplif” (@ up), U@ (H, (us)) (1.3)

ps
Taking the relation
G, T2, S=k=~r q
S auyfe @ = {0 T S g )

0 s=r
PAS ’ ' k=r

into account, from (1, 3) we obtain
dm,." (1) 7}‘ i
k
+ = 2: a, () m”r + 2 ay(u,) m”r — q',mijr 4 2 Ty (1.4)
1=1 =1 ks r
System (1.4) is a system of linear differential equations with constant coefficients, whose
order is Y/yn (n 4 1 )N since m;;" = mj" , Let us reduce the system obtained to a
more convenient form, For this we first introduce the symmetric matrices 1, (t) ==
{my;" (1)} (r=1, ..., N). Then system (1, 4) becomes
M,

o M e M =g M 2 M (1.5)

K7=r
We introduce further the Liapunov operators Z, acting in the space M' of symmetric
nth-order matrices
q

7, 7. \*
LM =AM +MA*— g M = (\.»lr — T) M, 4+ M, (\Ar — T) (1.6)
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the vector M = (M, ..., M) whose components are the symmetric matrices M;, ...,
M., and the operators L and ) which act in the space MY of the vectors M and are giv-
en by means of the ¥th-order matrices

Ly 0...0 [0 et
L o= 0 [M. 0 , Qw_—.;lql2 0 wnu(lNz
10 0... Ly g{?ﬂ Far v 0 kg

Lﬁf == {L}MX; v Y ons LNA&{N}

QM == (qule' co Z quMnc)
k=1 kAN
In the new notation system (1, 4) is then rewritten as
daffdi = AM (A=L3+O 4n

2, Theprem on the squivalence of the mean square stability
and the stability of the trivial solutions of systems (1,1) and
(1.17)s let M,, ..., My be arbitrary positive~definite matrices, We shall show that the
initial distribution ¢ (E’ {u3}) can always be chosen such that M‘; {0 .., My (), where
My D) = {my® ()}, turn out to equal M, .., My respectively, To do this we recall
that if the probability density p (5, ---» ¥n} of an n-dimensional random variable £ =
(&, --e, En) i8 Gaussian and equal to

P, iy = MGXP {—‘ 5 (B-Yy, "!)} (2.1)
V 2n)" det B

where B is an arbitrary positive-definite matvix, then B is the covariance mamix of
the variable £, i.e., the elements 5 of matrix B are the means: b;; = M (§i;). Now

et @ (7, {ur)) = & ! Qexp [~ 1(1M~: } :
Aup)) = = p o | M1z, 2)} d (2.2)
NV enyenraetnr, 3 L 2\
Then it is clear that M, (0) = M,.
Theorem 1. For the trivial solution of system {1, 1} to be asymptotically mean
square stable, it is necessary and sufficient that the mwivial solution of system {1, 5) {or,
{1.4), (1.7)) be asymptotically stable,

Proof, Sufficiency follows from the equality
N

Mgz a® wdPy= 2 3 ')

rexy i

where the my” (f) are the corresponding coordinates of the solution of system (1, 4), sat-

isfying the initial data 2 o2 =k
[

Ty = k
my; (0) { 0, rek
i,e., the initial data which correspond to the distribution concentrated at the point{z®ux}
Necessity, Let the mrivial solution of system (1,1) be asymploticaily mean square
stable, This signifies that the mean n
Tt{“ ( 1g) == Q 2 f” (. uy) P {t, =, ug. dy, {”A}) (2.3)
X k=t
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tends to zero as £ — oo for all i and r. In formula (2,3), X is the nr-dimensional
space of the variables z,, ..., z,,while P (¢, z, ug, H, {uy})is the Markov transition fun-
ction of the process {z (f), u (), 0 < t < oo} (see the notation in [2, 4]), It is not diffi-
cult to obtain

tlim Tof, (2, ug) =0 i=1,..,0/j=4..,r=1,..,N) (2.4)

Let ¢ (H, {w}) satisfy (2,2), The solution of system (1, 5), M, (£} = {m;;" ()}, satisfying
the initial condition M, (0) = M., can be written as

mi () = (Tof ] (2, ug), @ (H, {ush) = S 2 Ty (@ u) @z, {ug)  (25)
s=1

By virtue of (2,4), my;" (¢) tends to zero as ¢ — co. Thus, any solution of system (1, 5),
corresponding to the initial condition M, (0) = M,, where M, (r = 1, ..., N)is an arbi~
trary positive-definite matrix, tends to zero as ¢ — oo ,Since an arbitrary symmetric
matrix can be represented as the difference between two positive-definite matrices, it
follows that any solution of system (1, 5) tends to zero as ¢ — oo, i, e,, the trivial solut-
ion of this system is asymptotically stable, The theorem is proved,

We note that for the sake of brevity in what follows, together with the expressions:
asymptotic mean square stability of the trivial solution of system (1,1) or the asymptotic
stability of the trivial solution of system (1, 5), we shall also use the expressions: stabil-
ity of system (1,1), stability of system (1. 5), stability of operator A,etc,

3, The posftiveness of solutions, We consider a finite-dimensional normec
spaced M*of vectors M = (M, ..., M), whose components are symmetric » X n matri-
ces, In what follows, as a rule we do not use an actual form of the norm for the vector
M and, therefore, by the notation || M || we mean some definite norm, We introduce
the class K! of nth - order nonnegative definite matrices, We shall write P; > R, if
P, — R, € K1, i,e,, if P, — R, is a nonnegative-definite matrix, and P; > R, if P,—
R, is a positive-definite matrix, We see that K1 is a cone in M* [5], that this cone
is reproducing, i.e,, any element; & M! is representable as the difference of two el-
ements of K1, and that the interior of this cone consists of positive-definite matrices,

We consider a cone KV - m¥ consisting of vectors M whose components are nonneg-
ative-definite matrices, Let P& MY, RE MY, P= (P, ..., Py),R = (Ry, ..., Ry).
We write P > R if simultaneously P, >> Ry, ..., Py > Ry, and P > R if 51multaneously
Py > R,, ..., Py > Ry. The notation P > R is equivalent to the inclusion P — R & KV,
The cone KN is reproducing, A linear operator B on MY is called nonnegative if it maps
the cone K% into itself; BKY — KV ,and B is called positive if BM > 0 is fulfilled for
any'M > 0. Any nonnegative operator B possesses the property of monotonicity, i,e,,
BP > BR follows from P >R , Let us write the solution of system (1, 7), satisfying
the initial condition.lf (0) = M~ in the form

M=eAMye, Al =14 Atd.. .+ ”i'.\" "o (3.1)

where 1 is the identity operator in the space M™Y.

Lemma 1, The operator eA! is nonnegative for any ¢t >0 .

Proof, LletM° = (M,°,.. ., MV") =0,i.8,, M1°>0,..., M >0, Weselect the
distribution ¢ (H, {v;}} such that m, " (0) = (f,7, @ ({1, {ne)) and M,° = {m;;" ()} 1
was shown above that by some means we can select such a distribution in the case of the
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positive-definite matrices M, ..., M - A similar distribution can be found also for non-
negative-definite matrices, Furthermore, because the operator ¢! is continuous and
the vectors M/ > 0 comprise the interior of the cone K", it is sufficient to prove the
nonnegativeness of operator ¢’ for the vectors M > 0.

We consider the quadratic form

n
(Fla, 9= D im0
i, i=1
where a = (a;, ..., as)is a vector with real coordinates, The matrix of this quadratic
form is {z:zj} for u = u, and equals zero for u s~ ur, therefore this form takes a nonneg-
ative value (F7q, a) 2> 0 for any vectors z = (zy, ..., Z), ¢ = (ay, ..., an) and any u, ,
Hence (T; (FTa, a), ¢) > 0 since (Ty (F" a, a),¢) is the mean of function (F7a, a) at
the instant ¢ under the initial distribution ¢ (H, {us}). Then

n n
(T (Frav a), @) = <Tl 2 fijraiajv (P> = Z‘I mi]-r (t) aia]->0
i, j=1 i, J==1
The latter inequality is valid for all a and, therefore, the quadratic form (M, (¢) a, a)
is nonnegative definite, i.e., M, (1) > 0 and M (f) = ¢* M° > 0. The lemma is proved,

We note that when Eq, (1,1) is scalar the operator A is a numerical matrix with non-
negative off-diagonal elements, The nonnegativeness of the solutions for differential
equations with such matrices is well known ([6], p.207).

Theorem 2, The operator A has a real eigenvalue which is not less than the real
part of any of the remaining eigenvalues, At least one nonnegative-definite eigenvector
corresponds to this eigenvalue,

Proof, According to Lemma 1 and the Frobenius theorem [5] the operator eAy
where ¢, > 0 is arbitrary, possesses a positive eigenvalue po such that all the remaining
eigenvalues do not exceed u, in absolute value, The vector M° > ( corresponds to this
eigenvalue u, i,e,, et M° = poM° (3.2)

Suppose that all the eigenvalues of operator A are distinct, It is well known that if A
is an eigenvalue of operator A,then ¢ is an eigenvalue of operator ¢A% , We can
choose ¢, such that all the eigenvalues of operator ¢A% also are distinct and that the
realness of the eigenvalue A for operator A follows from the realness of the eigenvalue
Mo for operator e’ |, We shall take it that the ¢, in (3,2) has been chosen in just
this way, Then A, = #;'Inp, is an eigenvalue of operator A, and the real parts of all the
remaining eigenvalues do not exceed A.. Further, for such 7, all the eigenvectors of
operators A% and A coincide, Therefore, AM° = A " and, consequently, we have
proven the theorem for the case of distinct eigenvalues of operator A , The theorem®s
proof in the general case is obtained from the preceding by calling on the. continuous
properties of eigenvalues and eigenvectors,

4, Necessary and sufficient stability conditions, 1°. Theorem1
reduces the problem of asymptotic mean square stability of the trivial solution of system
(1.1) to the usual asymptotic stability of the trivial solution of system (1.7), System
(1.7) is of order Y/, n (rn 4 1) ¥ and we apply the usual methods for investigating it, In
particular, if we apply the Liapunov function method, then for the stability investiga-
tion we require quadratic forms of that same order, while to look for a quadratic form
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we need, consequently, to find its parameters from a system of linear equations in num-
ber Yz (a2 (n 4+ 1) N 4 1) Y, n(n 1) N. However, for system (1,7), because the op-
erator ¢4’ is positive, the stability problem can be reduced to looking for only Y,n
{n 4~ 1) N parameters in all, Below we derive the necessary and sufficient stability con-
ditions, obtained previously by other means in [1], by making use of the idea of the
positiveness of the solutions of Eqs, (1,7), We prove a lemma as a preliminary,

Lemma 2, Letthe operator B in the equation

aM/dt = BM (4.1)

be such that the operator B - pl is nonnegative for some p >> 0. Then, for the stability
of operator B it is sufficient that the equation
BM =C (2

possesses a solution M > 0 (M < 0} for some vector € < 0 (€' > 0) and it is necessary
that Eq.(4.2) possesses a solution 87 > 0 {M < Oy for any € < 0 (€ > 0,

Proof, Sufficiency, Letequality (4,2) be fulfilled for someM > Oand € < 0.
Then when ¢ < AM the inequality B M« AM holds for some A <7 ¢ . Hence (B 4 pl) M <
(A + p) M. Since B 4 plis a nonnegative operator, for any k

B4 oM <L)
Hence

o Kk
R T A i e
k=0 )

Let us now show that under the lemma's hypotheses the operator B! is nonnegative,
Indeed, if M > 0,then(B - pl)* M > ¢, whence ¢B**D a1 > 0, which is equivalent to
the inequality eBIM > 0. Because M is positive definite, for any M > 0 we can find a
number v > ¢ such that 1 < v/, therefore,

0 B M < veBI M velt M

Consequently, for any M > 0 the solution ¢®' 37 of Eq, (4,1) tends to zero as £ —
(recall that A < 0). But from this it follows that eB' M — 0 as ¢ — o for any M & MY,
since the cone KV is reproducing, We have proven the sufficiency,

Necessity, The trivial solution of Eq, (4,1} is asymptotically stable, therefore,
ail the eigenvalues of operator B lie in the left halfplane and operator B has an inverse
B-! for which the formula o

BIC = — \ B¢ Cut (4.3)
4]
is valid, It follows from formula (4, 3) that the operator — B} is positive, This is so
because the operator %' is nonnegative for all ¢ > 0 and because % € >0 if € > 0
for all sufficiently small ¢ Writing the solution of Eq, (4,2) in the form M = B-1(,
we conclude the proof of the necessity and, along with this, of the lemma,

Theorem 3 [1], For the asymptotic stability of the trivial solution of Eq, (1, 7}it
is necessary that for any € < 0 (€ >> 0) the solution of the equation

AM=C 14.9)

exists and Is positive definite M > 0 (M <« 0), and it is sufficient that for some € < 0
(C > 0) the solutiou M of Eq,(4.4)satisfies the condition M > 0 (M < 0).
Proof, Necessity is proved in the same way as the necessity in Lemma 2.
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Indeed, according to Lemma 1 the operator ¢*' is nonnegative, and, moreover, for

small ¢, A ¢ < 0 follows from the condition ¢ <Z 0 , Hence, the solution of Eq, (4. 4)
M= A"1C > 0.

Sufficiency. Suppose that M >> 0 is a solution of Eq, (4,4) for some € < 0 , Let
us write Eq, (4,4) out in more detail

LiM,y + f]zu”_‘ R = ’]Nl‘/‘[N =
(7121111-{—Lzﬂf-_'~‘;~ e (IN'.’.‘WNZ Cs (/1!5)

For M = M = (M, ..., My) the ith equation of system (4, 5) can be rewritten as
LyMy=Cx~qyMi— ... —q_ M — a oMy~ — My (4.6)

Since the right-hand side of this equality is a negative-definite matrix, while My > 0,
we have that the operator Ly is stable by a well known theorem of Liapunov, In other
words, the eigenvalues of each matrix Ay — Y/, g E (k= 1, ..., N) lie in the left half-
plane, Hence it follows that operators Ly have inverses Ly'. We note in passing that
the operators — L, are positive in the space M! with cone K!. Multiplying the kth
equation of (4, 5) on the left by the operator — L;;' we obtain

—_ M1 —_— (]21L1"1AU-3 —_— - (/Nl Lf’uMN = — L1_IC1
—_— (]ng—]ﬂfl — .7”3 _—— = (/NQL'-)‘—lA/IN = — Lz"lCz (47)
— gy LMy~ gy LIMy — . — My = —L3lCy
We denote B = —L-1A = —[ — L-1Q. We see that the operator B + I is nonnegative
and the equality BM = —L-'C holds, Since — L™IC < 0, by virtue of Lemma 2 we ob-

tain that operator B is stable, Hence, once again from Lemma 2, we conclude that for
any C < 0 the solution A of the equation
BM = — L1AM = — L1IC

is positive definite, M > 0. Therefore, for any C < 0 the solution A/ of the equation
AM = C is positive definite, Hence for any ¢ <C 0 the solution M of the equation A}/=
C  is nonnegative definite, 3/ 3> 0. Therefore, from the equality AM = %A/ it foll-
ows, when M > 0 that A <{ 0. According to Theorem 2 the operator A has a real eigen~
value A, to which corresponds the eigenvector M° 2> U and, moreover, the real parts
of all the remaining eigenvalues do not exceed A, , Consequently, to prove the stabi-
lity of operator A\ it is sufficient to prove that &y <C 0. Since AM° = A, %and M° > 0,
we have Ay < 0. But Ay == 0 because the operator A is invertible by virtue of the inver-
tibility of operators B and I.. Thus, Ao <{ 0 and operator A is stable, The theorem is
proved,

Corollary 1, The stability of the matrices Ay, —5qi (k== 1, ..., V) and the pos-
itiveness of the operators — L;!are the necessary conditions for the asymptotic mean
square stability of the trivial solution of system (1,1).

This assertion follows clearly from the sufficiency proof, A generalization of this
corollary is given below,

Corollary 2, We consider a subsystem of system (1.7), which is defined by the
set of indices i; < iy < ... < i) (or, equivalently, by one of the principal minors of
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matrix A) and has the form

dM;

W’L—‘ == Li,"”i; + qix‘hM‘iz + e + qikil AI‘lk (48)
dM;,

7 = T Miyt Gy My, + - LMy

If the trivial solution of system (1, 7) is asymptotically stable, then the trivial solution
of system (4. 8) also is asymptotically stable, We omit the proof of this corollary,

Corollary 3, For the stability of operator A it is necessary and sufficient that the
operator — L~1A be stable,

This follows from the sufficiency proof in Theorem 3,

A note on linear Liapunov functions, We consider the case when Eq,
(1.1) is scalar

dz/dt = a (u) z (4.9)
The system of Egs, (1, 5) has the form
A
ddir = o, — ) M+ g, M; (4.10)
ir

where M, (r = 1, ..., N) are numbers, ar = a (u;). The matrix of system (4,10) is a num-
erical matrix A. We can show that any matrix A with nonnegative off-diagonal eleme-
nts can be related with an equation of form (4, 9) as the matrix of the corresponding
system for the moments, Therefore, by virtue of Theorem 3 the operator A* is stable if
and only if the equation A*B = C, where C < 0 (i,e,, all the numbers Cy, ..., Cyate
negative), has a solution B >> 0. For system (4,10) we consider the function

N
V(My,..5 My)=(B, M)= 2 By My
k=1

This function is positive in cone KV of vectors with nonnegative coordinates (if, it is
clear, M == 0). The total derivative of this function relative to system (4,10) is

a (B, ‘if‘_l)= (B, AM) = (A*B, M)=(C, M) (4.11)

dt dt
i.e., is negative in cone KV, Thus we get that for the asymptotic stability of the trivial
solution of system (4,10) it is necessary and sufficient that there exist a linear function
which is positive in K" and is such that its derivative relative to the system is a linear
function negative in K'V. It is natural to call such functions linear Liapunov functions,
We confine ourselves to this note and do not consider here the general case from the
viewpoint of linear Liapunov functions,

2°, A simple stability criterion is known [7, 8] for matrices with nonnegative off-dia=-
gonal elements, The application of this criterion to the matrix A of system (4,10) leads
to the proposition: for the stability of matrix A it is necessary and sufficient to fulfill
the N inequalities
20y — qi @21, .. Iny

NI 2r1;—q~_)...qN2
g2 Zas—qp| > e DT ..

2a1 — ¢y 921
20, —q1 << 0,

A generalization of this result to the case when the matrices .1, ..., 1y commute is
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given in Theorem 4,

Lemma 3, Suppose that the matrices 4,, ..., 4, commute, Then, all the operat-
ors Ly, ....Ly, all possible linear combinations of their products, and the inverses of
these combinations (if these inverses exist) also commute,

Proof, The commutability of the operators Ly, ..., L is verified directly, The rest
follows from the general results concerning linear operators in a finite-dimensional
space,

Foi the statement of the next theorem we introduce the operators

Ly gn...qy5;
Li g2 g La...qyn
A =1L, A= veen A= "T7 7F N2
! ! ‘ q12 Lg } N P « e e
[’711\' qu"'LN
where each operator A; (k== 1, ..., N) is obtained by a formal development of the de-
terminant,
Theorem 4, If the matrices 4,, ..., 4, commute, then for the stability of opera~

tor A it is necessary that the operators (—1)*Ax be positive and it is sufficient that for
any k the equation (_1)kAh‘Mk=Ck (4.12)
have a positive-definite solution M, > 0 for some Cx .

Without carrying out a detailed proof of the theorem we note that it is based on the
application of the Gaussian elimination method to system (4, 5), The operators encount-
ered during the computations commute by virtue of Lemma 3, therefore, all the calcu-
lations valid for the scalar case [7] carry over without any alterations,

Note, Theorem 4 is valid for ¥ = 2 in the general (and not only in the commuta-
tive) case,

We note also the necessary and sufficient conditions using the spectral properties of
the operator — L71Q. In Corollary 3 to Theorem 3 we noted that the stability of operator
A is equivalent to the stability of the operator —~L-1A = —I — L71Q. But the operator
— L-1Q is nonnegative, Consequently, by the Frobenius theorem this operator has a non-
negative eigenvalue po such that all the remaining eigenvalues do not exceed Po in
absolute value, We see that for the stability of operator — 1A, and, consequently, also
A, it is necessary and sufficient that p, < 1.

Theorem 5, For the stability of operator A it is necessary that

lim | (— L71Q)¥ =0 (4.43)
k—o0

and it is sufficient that for some W > ¢
lim (— L7'QF M =0 (4.14)
koo

Proof, Necessity, If A isstable, then po < 1. But, by the Frobenius theorem,
p (—L71Q) = oy, where p (—L-1Q) is the spectral radius of the operator —L™1Q. We
apply I, M, Gel'fand’s formula to compute the spectral radius

lim 3/ (— L2QF [=p (— L7'Q) (4.15)
ks
Equation (4, 13) follows from (4,15) because p (—L71Q) < 1.

Sufficiency, If ¥ > 0,then for a sufficiently large & from (4.14) we have the

inequality (— LFQFM<aM (1< 1) (4.16)
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The operator (—L-1Q)* is nonnegative, therefore, from (4,16) we obtain that its eigen-
value largest in absolute value, which equals po¥, is not greater than «. Therefore,
up < 1, and the theorem is proved,

The noted spectral property of operator —L-*Q and Theorem 5 permit us to make use
of the highly developed theory of positive operators [5, 9, 1Q] to establish the stability
or instability of operator A.
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